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We derive a general integrodifferential equation for the transient behaviour of small-amplitude
capillary waves on the planar surface of a viscous fluid in the presence of the Marangoni effect.
The equation is solved for an insoluble surfactant solution in concentration below the critical mi-
celle concentration (cmc) undergoing convective-diffusive surface transport. The special case of a
diffusion-driven surfactant is considered near the the critical damping wavelength. The Marangoni
effect is shown to contribute to the overall damping mechanism and a first-order term correction
to the critical wavelength with respect to the surfactant concentration difference and the Schmidt
number is proposed.
I. INTRODUCTION
On the free surface between any two immiscible phases,
external perturbations such as thermally-induced motion
or vibrations can cause statistical fluctuations [1], or in-
terfacial waves, leading to rough surfaces [1, 2]. Long
waves with wavelength λ ≫
√
σ/(ρg) ≡ l∗ (where ρ is
fluid density, g is gravitational acceleration and σ is sur-
face tension coefficient) are gravity-driven and known as
gravity waves. Short waves with wavelength λ ≪ l∗ are
capillary waves where the restoring effects of surface ten-
sion dominate gravity. Furthermore, in regions of large
viscosity, the energy dissipation is also affected by the
distribution of fluid vorticity [3] leading to an increasing
viscous attenuation of the capillary wave [4] for decreas-
ing wavelength. The evolution of such waves is critical
to the study of film stability, e.g. thin film rupture [5],
droplet coalescence [6], polymer films [7] and foam dy-
namics [8] as well as capillary-driven phenomena, such
as the breakup of liquid sheets, jets [9, 10], bridges [11],
ligaments [10] and curtains [12].
In addition, interfaces found in nature and engineering
applications are often contaminated with surface-active
substances. These surfactants can significantly alter in-
terfacial flow structures and energy dissipation through
the Marangoni effect as a result of the generated gradi-
ents in surface tension [13, 14]. Hence, an understand-
ing of how the Marangoni effect changes the damping of
the interface through the attenuation of capillary waves
could extend the classification of surface roughness [2] to
a greater number of industrial and biological films and
membranes.
The classical treatment of the capillary wave considers
the interfacial displacement as an infinite superposition
of modes, then assuming each component contributes ac-
cording to an equipartition theorem [1, 15] or approxi-
mating the solution as the least-damped mode [4, 16]. In
either cases, whilst the long-time behaviour is sufficiently
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captured as the waves are damped out and converge to-
wards a single mode, the transient behaviour remains
difficult to extract because of its dependence on multiple
of such modes. To circumvent this difficulty, Prosperetti
[3] recast the equation of motion for viscous fluids as an
integrodifferential equation solved exactly as an initial
value problem. The long-time connection of the solution
with the normal mode approach was also demonstrated
through the complex characteristic equation for the dis-
crete wave spectrum [4] along with the equivalence of
irrotational flows with the short-time approximation of
the solution. Motivated by this approach, we consider in
this paper the capillary waves in viscous fluids with a sig-
nificant Marangoni effect in the presence of a surfactant
solution.
As a prelude to our discussion, we consider the implicit
dispersion relation of the capillary wave
ω20 + (iω + 2νk
2)2 − 4ν2k4
(
1 +
iω
νk2
)1/2
= 0, (1)
derived by linear response theory or linearised hydro-
dynamics [17, 18] under the assumption of weak vis-
cous damping, where ν is the kinematic viscosity, k is
wavenumber, ω is angular frequency of the capillary wave
and
ω0 =
(
σk3
ρ
+ gk
)1/2
(2)
is the angular frequency on an interface of an invis-
cid ideal fluid. For large wavenumber k ≫ 1, ω0 ≃
(σk3/ρ)1/2, at which the effects of gravity is negligible.
By inspection, Eq. (1) suggests a critical wavenumber kc
where there is a transition from the propagative and un-
derdamped mode to an overdamped mode [17] in which
the effect of viscosity dominates the oscillatory motion
of the interface. More recently, Denner [19] proposed a
rational parametrisation for the dispersion in the under-
damped regime, including critical damping, that leads
to a self-similar solution of the frequency dispersion of
capillary waves in viscous fluids.
The region near the critical wavelength λc = 2π/kc
is particularly interesting due to its proximity to the
2threshold whereby complex rupture behaviours are ex-
hibited by biological and industrial interfacial systems
[5, 14, 20, 21]. Therefore, the evolution of λc as a result
of the Marangoni effect could potentially provide clues to
the onset of these phenomena.
For constant surface tension, the wavenumber kc can
be related on dimensional grounds to the quantity δν =
(ν/ω)1/2, which is the characteristic thickness of the pen-
etration of vorticity that is generated at the interface
boundary due to the inability of the initially irrotational
flow to sustain the non-zero tangential boundary stress
condition [22]. More precisely, it has been shown [19, 23],
that kc ∼ 1/lvc where
lvc =
µ2
ρσ
(3)
is a viscocapillary length scale under the regime Oh = 1,
where
Oh =
µ√
σρ l
=
tσ
tµ
(4)
is the Ohnesorge number. The quantity tσ =
√
ρ l3/σ is
the capillary timescale proportional to the period of an
undamped capillary wave and tµ = ρ l
2/µ is the viscous
timescale associated with the length of time taken for
momentum to diffuse through a characteristic lengthscale
l.
In the presence of a variable surface tension, λc must
increase since the motion driven by surface tension gra-
dients is always dissipative in nature due to the induced
viscous shear stresses. Consider the stress boundary con-
dition
− [T · n] + 2Hσn =M, (5)
where T is the viscous stress tensor, n the normal vector,
2H = −∇s · n the mean curvature; where
∇s = (I− nn) ·∇ (6)
is the surface gradient operator;M is the Marangoni term
and [·] denotes the jump across the interface of the quan-
tity within. For systems with surface-active substances,
Levich and Krylov [24] suggested M = −µs∇2us where
us = (I− nn) · u is the surface velocity and µs is a phe-
nomenological surface viscosity coefficient. This term ex-
plicitly accounts for the energy dissipation at the inter-
face due to the irreversible processes involved and hence
a natural consequence is that the Marangoni effect di-
rectly contributes to the overall damping of the system.
However, the phenomenological and model-specific na-
ture of µs does not easily yield to general analysis and
so in this paper we shall adopt the classical approach
commonly used in literature [13] of letting M = −∇sσ,
coupled with an equation of state linking surface tension
σ and surfactant concentrations (or another field such as
temperature).
Specialising to the case of a predominantly-diffusive
surfactant solution, the critical wavenumber kc is now
dimensionally related to the ratio δν/δD, where δD =
(D/ω)1/2 is the thickness of the mass transfer bound-
ary layer with surfactant diffusivity D, more commonly
known as its square the Schmidt number,
Sc =
(
δν
δD
)2
=
ν
D
. (7)
II. EQUATION OF MOTION
The dynamics of the fluid of viscosity µ, and density ρ
in regions of Reynolds number Re ≪ 1 are described by
the time-dependent Stokes’ equation
∂u
∂t
= −1
ρ
∇p+ ν∇2u− gj (8)
∇ · u = 0 (9)
where u is the 2-dimensional fluid velocity field (u, v), p
is the pressure and gj is the gravity term with j denoting
the upward unit vector. The free surface is given by the
standing wave
F (x, y, t) = y − f(x, t) (10)
f(x, t) = a(t) cos kx (11)
where the non-linear, time-dependent wave amplitude
a(t) satisfies the small-amplitude conditions that
a≪ λ = 2π
k
, (12)
da
dt
≪ vp = ω
k
, (13)
for wavelength λ, wavenumber k, angular frequency ω
and phase velocity vp. The linearised tangential and nor-
mal stress components, T‖ and T⊥, respectively, as well
as the kinematic conditions are given on the surface y = 0
by
T‖ ≡
1
2
µ
(
∂v
∂x
+
∂u
∂y
)
= t ·∇σ, (14)
T⊥ ≡− p+ 2µ∂v
∂y
= σ∇s · n, (15)
∂F
∂t
+ v
∂F
∂y
= 0, (16)
where n ≃ (ak sin kx, 1) and t ≃ (1,−ak sinkx) are the
leading order normal and tangent vectors. The surface
tension coefficient σ is modelled by a linear equation of
state
σ = σ0 − αΓ(x, y, t), (17)
where α = |dσ/dΓ(x, y, t)| is the magnitude of surface
tension gradient and Γ(x, y, t) is a function which de-
pends on the mode of the Marangoni effect (e.g. ther-
mal, soluto or electric etc, [14].) In this paper, we shall
3consider the soluto-Marangoni effect of an interface in the
presence of a surfactant solution. Henceforth, Γ = Γ(x, t)
is the surface concentration of an insoluble surfactant so-
lution and D = Ds denotes the surface diffusivity coeffi-
cient.
Following [3], we decompose the velocity and pressure
into harmonic and viscous corrections
(u, p) = (u′ + u′′, p′ + p′′), (18)
where the harmonic component (u′, p′) assumes the ve-
locity field
u′ = (u′, v′) =∇φ (19)
for a harmonic function φ satisfying the hydrostatic po-
tential problem
∂u′
∂t
= −1
ρ
∇p′ − gj (20)
0 =
(
∂F
∂t
+ v′
∂F
∂y
)
y=0
, (21)
with known solution [3, 4]
φ =
1
k
da
dt
eky cos kx, (22)
p′ = −ρ
(
gy +
1
k
d2a
dt2
eky cos kx
)
. (23)
On the other hand, the incompressible viscous correction
component (u′′, p′′) satisfies the Stokes’ problem
∂u′′
∂t
= −1
ρ
∇p′′ + ν∇2u′′ (24)
0 = v′′
∂F
∂y
∣∣∣∣
y=0
(25)
and the incompressibility condition ∇ · u′′ = 0.
Taking the curl of Eq. (24) yields the vorticity equation
∂ωz
∂t
= ν∇2ωz, (26)
where ωz is given on the free surface f(x, t) = a cos kx by
ωz(x, f, t) = 2
(
−T‖
µ
+
∂v
∂x
)
(27)
= 2
(
−T‖
µ
+
∂2f
∂x∂t
)
(28)
using the kinematic condition
0 =
∂F
∂t
+ (u ·∇)F ≃ −∂f
∂t
+ v (29)
and the insoluble surfactant condition
t ·∇σ = ∂σ
∂x
, (30)
which neglects any surface adsorption processes.
Satisfying Eq. (24) with the stream-function ψ defined
by
(u′′, v′′) =
(
∂ψ
∂y
, −∂ψ
∂x
)
, (31)
we can write
ωz = ∇2ψ (32)
such that Eq. (16) takes on the bi-harmonic form
∂(∇2ψ)
∂t
= ∇4ψ. (33)
Furthermore, writing
(ωz, ψ) = (Ω(y, t), Ψ(y, t)) sin kx, (34)
and assuming that Ψ is bounded as y → −∞ gives the
Green’s function solution of the form
2kΨ = eky
(∫ 0
−∞
Ωekξdξ +
∫ y
0
Ωe−kξdξ
)
(35)
− e−ky
∫ y
−∞
Ωekξdξ,
where Ω satisfies the second-order equation
∂Ω
∂t
= ν
(
∂Ω
∂y2
− k2Ω
)
, (36)
with the initial condition Ω(y, 0) = 0.
Writing the surfactant concentration in the wave form
Γ(x, t)− Γ0 = Γ˜(t) cos kx (37)
then yields the boundary condition
Ω(0, t) = −2k
(
αΓ˜(t)
µ
+
da
dt
)
. (38)
The Laplace transform of Eq. (36) then gives
Ωˆ(y, s) = −2kL
[
αΓ˜
µ
+
da
dt
]
ey(k
2+s/ν)1/2 , (39)
where
fˆ(s) ≡ L [f(t)] =
∫ ∞
0
f(t)e−tsdt (40)
is the Laplace transform of f(t).
Integrating Eq. (35), eliminating ∂Ω/∂t using Eq. (36)
and integration by parts yield
∂Ψ
∂t
= ν[Ω(y, t)− Ω(0, t)eky ] (41)
and the viscous pressure is given by
p′′ = µΩ(0, t)eky cos kx. (42)
Substituting Eq. (8) into the normal stress condition
gives the integro-differential equation of motion in the
non-dimensional form
4d2a
dτ2
+ ǫ
(
4
da
dτ
+ 2βΓ˜(τ)
)
+ a− 4ǫ2
∫ τ
0
(
βΓ˜(τ ′) +
da(τ ′)
dτ ′
)(
1√
ǫπ(τ − τ ′)e
−ǫ(τ−τ ′) − erfc
√
ǫ(τ − τ ′)
)
dτ ′ = 0,
(43)
where
erfc(z) =
2√
π
∫ ∞
z
e−y
2
dy (44)
is the complementary error function, τ = ωt is the
non-dimensional time, τ ′ is the integration variable
(a non-dimensional time discussed in sec. III), ǫ =
νk2/ω is the non-dimensional kinematic viscosity and
the non-dimensional surfactant diffusivity and surfactant
strength parameters are given by
(ζ, β) =
k
ω
(
Dk,
αΓ0
µ
)
. (45)
In the absence of the Marangoni effect, i.e. for β = 0,
Eq. (43) reduces to
a¨+ 4ǫa˙+ a− 4ǫ2a˙ ∗ F(τ) = 0, (46)
as derived in [3], where ˙ = d/dτ , ∗ is the convolution
operator and F(τ) is the auxiliary function
F(τ) = 1√
πǫτ
e−ǫτ − erfc√ǫτ . (47)
III. NON-LINEAR VISCOUS DISSIPATION VIA
FRACTIONAL INTEGRAL
The viscous equation of motion in Eq. (46) can be
rewritten in the form
a¨+ 4ǫa˙− 4ǫ3/2I1/2[G(τ ′)e−ǫ(τ−τ ′)] + (1 + 4ǫ2)a = J(τ),
(48)
where J(τ) is the forcing function given by
J(τ) = 4ǫ2a0erfc
√
ǫτ (49)
and G(τ ′) is a local viscous dissipation density function
defined by
G(τ ′) = a˙(τ ′) + ǫa(τ ′). (50)
Recall the definition for the left-handed Riemann-
Liouville fractional integral of order ̺ [25, 26] for t >
0, ̺ ∈ C via
I̺f(τ) ≡ 1
g(̺)
∫ τ
0
(τ − τ ′)̺−1f(τ ′) dτ ′. (51)
≡
∫ τ
0
f(τ ′) dτν(τ
′; τ, ̺) (52)
where f(τ) is a function in time,
g(̺) =
∫ ∞
0
t̺−1e−t dt (53)
is the gamma function and
τν(τ
′; τ, ̺) =
τ̺ − (τ − τ ′)̺
g(̺+ 1)
(54)
is a non-linear time which satisfies the scaling property
such that for the local linear time variables τ ′ = ωt′ and
τ = ωt, we have
τν(τ
′; τ, ̺) ≡ τν(ωt′;ωt; ̺) = ω̺τν(t′; t, ̺). (55)
We can now interpret the effect of viscosity on the
system as introducing a forcing term and both a linear
and non-linear viscous dissipation term. Recasting the
irrotationally inviscid surface wave system into the well-
known Hamiltonian form [27, 28], the governing equation
in the fluid region Υ is written
(
h˙(x, τ), Φ˙(x, τ)
)
=
(
δH
δΦ
,−δH
δh
+Q(h,Φ)
)
, (56)
where H is the Hamiltonian defined by
H[h,Φ] = 1
2
∫
Υ
dx
[
|∇Φ|2 + gh2 + σ(
√
1 + |∇h|2 − 1)
]
,
(57)
and h = h(x, t),Φ = φ(x, h, t) are the canonical coor-
dinate, momentum variables denoting fluid height and
interfacial fluid velocity potential, respectively, for x =
(x, y). The term 4ǫa˙ can then be viewed as the linear
part the dissipation function Q(h,Φ) of the system as we
equate the rate of loss of energy [28, 29]
dH
dt
− ∂H
∂t
=
∫
Υ
(
Q(h,Φ)
∂h
∂t
)
dx (58)
with the rate of dissipation in incompressible fluids under
irrotational flow given [22] by
2ν
∫
Υ
dx
∫ h
−∞
(
∂2φ
∂xi∂xj
)2
= ν
∫
Υ
dx
∫ h
−∞
∇2(q2), (59)
where q2 = (∂φ/∂xi)
2 for velocity potential φ.
The fractional integral term in Eq. (48) suggests that
the non-linear part of the dissipation function Q(h,Φ)
is the exponential decay of G with decay rate ǫ (which
5is half the rate obtained [4] for the inviscid flow with
velocity potential φ = k−1a˙eky cos kx). Let
D(τ) =
∫ τ
0
G(τ ′)e−ǫ(τ−τ
′)dτν(τ
′; τ, 12 ),
then D(τ) can be interpreted as the actual non-linear
viscous dissipation for which the local values of the dissi-
pation density G(τ ′)e−ǫ(τ−τ
′) and the local linear time
τ ′ are encoded with respect to the global inhomoge-
neous timescale given by the function τν(τ
′; τ, 12 ). From
Fig. 1, τν is approximately linear for small time τ and the
exponentially-decaying fractional integral term can be
shown [3] to be negligible. As τ increases, the timescale
τν visibly slows down and deviates from the linear time.
This slow-down for large τ could explain why the integral
term in Eq.(43) cannot be neglected for τ ′ ≫ ǫ−1; since
the exponential decay of the local viscous dissipation is
progressively retarded for increasing τ .
Incorporating the Marangoni effect, the equation of
motion Eq. (43) takes the same form as Eq (48) where
the forcing function J and the local viscous dissipation
density function G are transformed via the map Π defined
by
Π
(
J(τ)
G(τ)
)
=
(
J(τ)
G(τ)
)
+ β
(−2ǫ[Γ˜(τ) + 2ǫγ(τ)]
Γ˜(τ) + ǫγ(τ)
)
(60)
where
γ(τ) =
∫ τ
0
Γ˜(τ ′) dτ ′. (61)
IV. SURFACTANT MODELLING:
MARANGONI CONVECTION
To model the surfactant transport, we consider a mass
balance [30] at the interface for an insoluble surfactant of
concentration Γ(x, t). The convective-diffusive equation
takes the leading-order form
∂Γ(x, t)
∂t
+
∂
∂x
[Γ(x, t = 0)u] = D
∂2Γ
∂x2
. (62)
Assuming the waveform
Γ(x, t)− Γ0 = Γ˜(t) cos kx (63)
and the initial condition Γ(x, t = 0) = Γ0 ≪ Γcmc where
Γcmc is the critical micelle concentration for surfactant,
Eq. (62) reduces to
∂Γ˜
∂t
+ k2DΓ˜ = −Γ0 ∂u
∂x
, (64)
where
∂u
∂x
= −da
dt
k +
2νk3
ω
(
α
µ
Γ˜ +
da
dt
)
∗ F . (65)
The resulting equation of motion is given by the simul-
taneous integro-differential equation
a¨+ 2ǫa˙+ a = ǫΩ˜(0, t)− 2ǫ2Ω˜(0, τ) ∗ F(τ), (66)
˙˜Γ + ζΓ˜ = δa˙+ ǫΩ˜(0, τ) ∗ F(τ), (67)
where δ = a0k, ζ = Dk
2/ω for surface diffusivity coeffi-
cient D.
Let F (s) = L[a](s), G(s) = L[Γ˜](s) be the Laplace
transforms of a(τ) and Γ˜(τ), respectively; the function
Πˆǫ ≡ sF (s)− a0 = Πˆǫ(s + ǫ) = P(s1/2)/Q(s1/2) is given
by
Πˆǫ =
(u0s− a0)
{
s(s+ ζ) + 2βǫ1/2[(s+ ǫ)1/2 − ǫ1/2]}+ 2ǫβs(s− 2ǫ1/2[(s+ ǫ)1/2 − ǫ1/2])
sǫ1/2
{
s(s+ ζ) + 2βǫ1/2[(s+ ǫ)1/2 − ǫ1/2]}+ 2ǫβ(s− 2ǫ1/2[(s+ ǫ)1/2 − ǫ1/2])(δs− 2ǫ1/2[(s+ ǫ)1/2 − ǫ1/2]) ,
(68)
Let σ
(n)
i be the n-th order cyclic polynomial given by
σ
(n)
j =
n−1∏
i=1
(zj+imod(n) − zj). (69)
Decomposing Πˆǫ into partial fractions yields
Πˆǫ(s+ ǫ) =
8∑
i=1
ci
s1/2 + zi
(70)
where −zi are the roots of the polynomial Q(s1/2) and by
comparison with Lagrange interpolation, the coefficients
ci are given by the expression
ci =
P(−zi)
σ
(8)
i (−zi)
. (71)
Taking the inverse Laplace transform of Eq. (70) gives
Πǫ(τ) = −
8∑
i=1
P(−zi)
σ
(8)
i
zie
z2i τerfc(ziτ
1/2), (72)
where we have used the fact (shown in Appendix A) that
degQ − degP = 2 (73)
6which implies Z(n, 0) = 0, where
Z(n, j) =
n∑
i=1
P(−zi)
σ
(n)
i
(−zi)j . (74)
Hence the amplitude is
a(τ) − a0 =
8∑
i=1
zi
σ
(8)
i
P(−zi)ϕ(zi, τ ; ǫ), (75)
where ϕ = ϕ(zi, τ ; ǫ) is given by
ϕ(zi, τ ; ǫ) =
e(z
2
i−ǫ)τerfc(ziτ
1/2) + ziǫ
−1/2erf
√
ǫτ − 1
z2i − ǫ
.
(76)
In the next section, we derive the explicit form of the
amplitude solution in the special case near the critical
wavelength where convective effects are neglected.
V. THE EXACT DIFFUSIVE-MARANGONI
AMPLITUDE SOLUTION
Consider the solution
Γ0 − Γ(x, t) = Γ0e−k
2Dt cos kx, (77)
which satisfies the diffusively-dominant surfactant trans-
port equation on the left-hand side of Eq. (64) subjected
to the augmented initial condition
Γ(x, 0) = Γ0(1− cos kx). (78)
This yields the interfacial vorticity
ωz(x, f, t) = −2k
(
αΓ0
µ
e−k
2Dt +
da
dt
)
sin kx (79)
and so the boundary and initial conditions to Eq. (36)
become
Ω(0, t) = −2k
(
αΓ0
µ
e−k
2Dt +
da
dt
)
, (80)
Ω(y, 0) = 0. (81)
Reverting to non-dimensional variables, taking the
Laplace transform of Eq. (43) gives
β−1[F (s)− Fν(s)] = (s
2 + 2ǫs+ 1)χˆ(s+ ǫ)− 1
s(s+ ζ)
, (82)
where
χˆ(s) =
[
s2 + 2ǫs− 4ǫ3/2s1/2 + ǫ2 + 1
]−1
, (83)
and Fν(s) is the Laplace transform of the solution of the
viscous amplitude equation in Eq. (46) which satisfies the
equation
sFν(s) = a0 + (u0s− a0)χˆ(s+ ǫ). (84)
Evaluating term-wise, the inverse Laplace transform of
β−1[F (s)− Fν(s)] is given by
β−1L−1[F (s)− Fν(s)](τ) (85)
=
e−ζτ − 1
ζ
−
4∑
i=1
zi
σ
(3)
i
e(z
2
i−ǫ)τerfc(zi
√
τ )
−
4∑
i=1
zi
σi
[
1
ζ
ϕ(zi, τ ; ǫ)− e−ζτ×
(
2ǫ− ζ − 1
ζ
)
ϕ(zi, τ ; ǫ − ζ)
]
, (86)
where zi are the roots of the polynomial
P (z) = z4 + 2ǫz2 + 4ǫ3/2z + ǫ2 + 1. (87)
To simplify Eq. (86), consider the sum
Z(ǫ; k) =
4∑
i=1
zki
σ
(3)
i (z
2
i − ǫ)
, (88)
then [3] gives the relations
Z(ǫ; 1) =
1 + 4ǫ2
1 + 8ǫ2
, (89)
ǫ−
1
2Z(ǫ; 2) = − 4ǫ
2
1 + 8ǫ2
. (90)
Similarly, we have the relations (derivation in the Ap-
pendix B)
Z(ǫ− ζ; 1) = p− + p+
2
, (91)
(ǫ − ζ)− 12Z(ǫ; 2) = p− − p+
2
, (92)
where
p± = P (±(ǫ − ζ) 12 ). (93)
Therefore, the solution to the full amplitude equation
in Eq. (43) is given by
a(τ) = aν(τ)− 4ǫ
2β
(8ǫ2 + 1)ζ
erfc
√
ǫτ
+
[
1
ζ
+
(
2ǫ− ζ − 1
ζ
)
p+
]
βe−ζτ (94)
+
p+ − p−
2
(
2ǫ− ζ − 1
ζ
)
βe−ζτ erfc
√
(ǫ − ζ)τ
−
4∑
i=1
zi
σ
(3)
i
βe(z
2
i−ǫ)τerfc(zi
√
τ)×
(
1 +
1
ζ(z2i − ǫ)
+
2ǫ− ζ − 1ζ
z2i − ǫ + ζ
)
,
(95)
7where
aν(τ) =
4a0ǫ
2
8ǫ2 + 1
erfc
√
ǫτ
+
4∑
i=1
zi
σ
(3)
i
(
a0
z2i − ǫ
− u0
)
e(z
2
i−ǫ)τerfc(zi
√
τ)
(96)
is the solution to the viscous amplitude equation [3] in
Eq. (46).
In the region near the critical wavelength λ
(0)
c , we
note that Marangoni diffusion is significant compared to
Marangoni convection for Sc ≪ 104 in the regions near
the critical wavelength. To examine this in more detail,
we define the Marangoni criticality coefficient ς by
ς =
ζ(1) − ζ(0)
ζ(2) − ζ(0) , (97)
where ζ(0) denotes the numerically calculated damping
ratio of the capillary wave in the absence of Marangoni
effect and ζ(1), ζ(2) are the numerical damping ratios
(1) with diffusional Marangoni effect and (2) with
full convective-diffusional Marangoni effect, respectively.
At ς = 12 , the effects of Marangoni convection con-
tributes equally towards the global damping ratio as the
Marangoni diffusion effects. Consequently, in the region
where ς > 12 the diffusional Marangoni effect contributes
more towards the overall damping ratio than the convec-
tional Marangoni effect and vice versa for ς < 12 . Fur-
thermore, the regions where ς > 0.95 are defined as the
Marangoni diffusion regime where Marangoni diffusion
dominates compared with the convection effects and is
responsible for more than 95% of the total Marangoni
effect. Similarly, the region for which ς < 0.05 denotes
the Marangoni convection regime, which is not specifi-
cally investigated in this study.
Under room temperature and pressure (rtp) with pa-
rameters density ρ = 103kgm−3, surface tension σ =
7.2 × 10−2Nm−1 and viscosity µ = 10−3Pa s, we plot ς
for water with respect to the non-dimensional wavelength
λ/λ
(0)
c normalised using the critical damping wavelength
λ
(0)
c in the absence of Marangoni effect, for Schmidt num-
ber Sc = 100 in Fig. 1(a) and Sc = 500 in Fig. 1(b) with
various Marangoni numbers Ma > 500. We notice that
in both cases, the diffusional effects as compared to the
convection effects remain significant for roughly 2.5 crit-
ical wavelengths and dominate near the critical wave-
length for Sc ∼ O(102) and Ma ∼ O(102) as shown in
Fig. 1(a); it is only when we increase Sc that the diffu-
sional Marangoni effect noticeably lessens near λ
(0)
c . This
dominance of Marangoni diffusion over convection breaks
down for Sc ≫ O(102) and for wavelengths λ≫ 2.5λ(0)c ,
where Marangoni convection rapidly becomes more sig-
nificant than diffusional effects. In the next section, we
shall focus on the diffusion solution in Eq. (95) to anal-
yse how the critical wavelength evolves for increasing Ma
within the Marangoni diffusion regime.
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FIG. 1. Comparison of the numerical coefficient ς defined in
Eq. (97) for (a) Sc = 100 and (b) Sc = 500 for the water
interface at rtp. Marangoni convection dominates Marangoni
diffusion in the region ς < 1
2
and vice versa for ς < 1
2
.
VI. RESULTS AND DISCUSSION
Interactions of the viscosity and the Marangoni effect
within the fluid yield different consequences on the in-
terface. While both effects act as damping mechanisms
to the surface waves [24]; increasing the viscosity retards
the rate at which vorticity generated at the boundary
enters the bulk [4, 22], whereas increasing the concen-
tration of surface-active substance endows the interface
with an effective surface shear and dilatational elasticity
that works to suppress surface motion [21, 24].
We explore this viscosity-Marangoni interaction in the
free-oscillation (i.e. u0 = 0) solution in Eq. (95) by plot-
ting the amplitude function a(τ) in Fig. 2 for various
Marangoni numbers and two viscosity values. Starting
from the critically damped region with non-dimensional
wavelength λ/λ
(0)
c = 1.5543 in Fig. 2(a) with Sc = 20;
where λ
(0)
c is the critical wavelength in absence of a sur-
factant solution; we observe that the addition of the
Marangoni effect increases the damping of the capillary
wave and the wave transitions from the underdamped to
the overdamped as a result. For increasing Marangoni
number, Fig. 2(b) shows the evolution of the Marangoni
correction given by aM(τ) = a(τ)− aν(τ), where aν(τ) is
the viscous solution in Eq. (96). We note that the maxi-
mum of aM(τ) is obtained near τc = τc(ǫ, ζ) for all values
of Ma before decaying exponentially to zero.
Furthermore, we increase the viscosity from µ0 =
10−3Pa s in Fig. 2(a-b) to 1.3µ0 in Fig. 2(c-d) where
the capillary wave is in the overdamped region where
λ/λ
(0)
c = 0.5718. From Fig. 2(c), the increase in viscosity
has three direct consequences; firstly the critical wave-
length λ
(0)
c increases, secondly, the Marangoni correction
8aM(τ) becomes itself more damped for τ > τc and finally,
the time τc for which aM(τ) obtains its maximum is now
a weakly increasing function in Ma.
It remains to show how the critical wavelength evolves
for increasing concentrations of surfactant under different
Sc. Consider firstly the case with no Marangoni effect,
for which, based on a simple damped harmonic oscillator
with spring constant c and mass m in a viscous fluid, the
displacement s is given by
d2s
dτ2
+ 2dω0
ds
dτ
+ ω20s = f(τ) (98)
where d = b/(2
√
mc) is the damping ratio for viscous
damping coefficient b, ω0 =
√
c/m is the undamped fre-
quency and f(τ) = 0. Equating the spring constant c
with the surface tension σ, let m = ρ/k3 and consider
the viscous damping coefficient be defined as b = µLµ
where Lµ =
√
2µ/ρω0 is the viscous damping length,
Denner [19] proposed the critical wavelength in absence
of the Marangoni effect λ
(0)
c as
λ(0)c =
21/3π
Θ
lvc, (99)
for a single fluid with a free surface, where Θ = 1.0625 is
a constant and lvc = µ
2/ρσ is the viscocapillary length
scale. It has been shown [23] recently that this defini-
tion of the critical wavelength λ
(0)
c also holds for capil-
lary waves (under constant surface tension) with a finite
amplitude.
Switching on the Marangoni effect, we have the lin-
earised external forcing term f(τ) = −2ǫβe−ζτ in Eq. (98)
which solves to give
s = A0e
−2ǫτ cos(Bτ + φ0)− Ce−ζτ (100)
where B = (1 − d2)1/2, C = 2ǫβω0/(ζ2 − 2ζdω0 +
ω20) and A0 = a0/ cosφ0 for phase angle φ0 satisfy-
ing −Bω0 tanφ0 = (u0/a0) + 2ǫ. Note that the ratio
2ǫ/ζ = 2Sc of the exponentials in the linearised solution
Eq. (100) determines whether the motion favours the si-
nusoidal viscous term or the second term which arises
from the Marangoni correction. Moreover, the viscous
damping factor d deviates from the viscous case due to
the presence of the surfactant solution. We investigate
this damping factor below.
Firstly, consider a range of Sc from orders 101 to 104
which is typical for chemical compounds in liquids under
room temperature [30], we plot in Fig. 3 the ratio of the
surface tension difference and the initial surface tension
σ0 given by
Σ =
∆σ
σ0
=
α∆Γ
σ0
, (101)
against the ratio λ
(Sc)
c /λ
(0)
c , where λ
(Sc)
c is the critical
wavelength calculated at Sc.
To derive an analytical scaling for the critical wave-
length λ
(Sc)
c for different values of Sc, we consider that
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FIG. 2. The free-oscillation solution in Eq. (95), for Sc = 20
and Ma = 1500, as a combination of Marangoni (dotted) and
the viscous (dashed) contributions in (a) and (d) with λ¯ ≡
λ/λ
(0)
c = 1.5543 and 0.5718, respectively. In (b) and (c), the
Marangoni correction a(τ )−aν(τ ) for increasing Ma with λ¯ =
1.5543 and λ¯ = 0.5718, respectively; for the critically damped
to overdamped regions in (a,b) where µ ≡ µ0 = 10
−3Pa s and
the overdamped region in (c,d) with µ = 1.3µ0.
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FIG. 3. Dimensionless critical wavelength λScc /λ
(0)
c (where
λ
(0)
c is the critical wavelength in absence of a surfactant so-
lution) as a function of Σ = ∆σ/σ0 ∈ [0,
1
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], the ratio of
surfactant concentration difference and the initial surfactant
concentration σ0, for Sc = 10
1 to Sc = 104.
the viscous damping length Lµ, which is the depth of
penetration of the vorticity generated by a capillary wave
[19, 29], must be augmented by a suitable diffusion damp-
ing length LD ∼
√
D/ω0. Dimensional analysis then
gives
Lµ,D =
(
2µ
ρω0
)1/2
+ θ
(
2DΣ
ω0
)1/2
, (102)
where θ = θ(Sc).
Consider the leading-order expansion
L2µ,D =
2µ
ρω0
[
1 + 2θ
√
Σ
Sc
+O
(
Σ
Sc
)]
, (103)
the critical damping relation
d =
b
2
√
mc
=
µLµ,D
2
√
ρσ/k3
= 1 (104)
yields the first-order expression for the critical wave-
length with Marangoni effect
λ(Sc)c (Σ) ∼ 21/3π lvc
[
1 +
4θ
3
(
Σ
Sc
)1/3]
. (105)
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FIG. 4. Dimensionless critical wavelength λScc /λ
(0)
c as a func-
tion of Σ = ∆σ/σ0 ∈ [0,
1
10
], the ratio of surfactant concen-
tration difference and the initial surfactant concentration σ0,
for (a) upper bound for θ at Sc = 101 and (b) lower bound
for θ at Sc = 104.
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As Sc increases, it follows that θ decreases. Using a
power-law form expression θ ∼ Scη, we find numerically
that η increases monotonically in the range Sc ∈ [10, 104]
with approximate upper bound for Sc = 10 and lower
bound for Sc = 104 shown in Fig. 4(a) and (b), respec-
tively. Taking an average value of the upper and lower
bounds, we have the scaling
θ ∼ Sc1/9. (106)
Under this scaling, the leading-order critical wavelength
λ
(Sc)
c with diffusion-dominant Marangoni effect reduces
to
λ(Sc)c (Σ) ≃
21/3π
Θ
lvc
[
1 +
4
3
(
Σ
Sc2/3
)1/3]
, (107)
which provides a first-order Marangoni correction term
to the critical wavelength λ
(0)
c = 21/3πlvc/Θ obtained by
Denner [19].
VII. CONCLUSIONS
To conclude, we derived a generalised integrodifferen-
tial initial value problem for the wave amplitude of sur-
face capillary waves in the presence of the Marangoni
effect which is solved exactly for a surfactant solution
with concentration much less than the critical micelle
concentration (cmc) under convective-diffusive surface
transport. In particular, we investigated the diffusively-
dominated region near the critical wavelength λ
(0)
c and
identified a first-order correction of λ
(Sc)
c from λ
(0)
c as a
function of the Schmidt number Sc and Σ = ∆σ/σ0 the
ratio of surface tension difference and the initial surface
tension σ0. This first-order correction provides an initial
glimpse into the change of fundamental properties due to
the Marangoni effect near the critical wavelength λ
(0)
c .
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Appendix A: degQ− deg P > 2 ⇒ Z(n, 0) = 0
Consider the rational expression
fˆ(s) ≡ P(s,m)
Q(s, n)
(A1)
=
sm +̟1s
m−1 + · · ·+̟m−1s+̟m
sn + ς1sn−1 + · · ·+ ςn−1s+ ςn (A2)
where P(s,m) is a polynomial of order m in s,
Q(s, n) =
n∏
i=1
(s− qi) (A3)
is a polynomial of order n > m in s with distinct roots
qi and ∑
16i1<i2<···<ik6n
qi1qi2 · · · qik = (−1)kςn−k. (A4)
Rewriting fˆ(s) using a partial fraction decomposition,
we have
fˆ(s) =
n∑
i=1
P(qi)
Q′(qi)
1
s− qi (A5)
and taking an inverse Laplace transform gives
f(t) =
n∑
i=1
P(qi)
σ
(n)
i (qi)
e−qit (A6)
=
∞∑
j=0
(−1)jZ(n, j) t
j
j!
, (A7)
where qi are roots of the polynomial Q(s, n) and
Z(n, j) =
n∑
k=1
P(qj)
σ
(n)
j (qj)
qjk. (A8)
Expansion of Eq. (A1) for large s and inversion term-wise
gives
f(t) ∼ t
n−m−1
(n−m− 1)! +
(̟1 − ς1̟m)tn−m
(n−m)! +O(t
n−m+1).
(A9)
Comparing with Eq. (A8) shows that Z(n, j) = 0 if 0 6
j 6 n−m− 2, i.e. we need
degQ− deg P > 2. (A10)
Appendix B: Z(ǫ − ζ; k)
In the exact solution in section V, we have simplified
the solution using Eq. (B13) and (B14), modifying a sim-
ilar approach to [3]. We consider distinct c1, . . . , cn ∈ C
11
and define
pn,j =
n−1∏
i=1
(
cj+imod(n) − cj
)
(B1)
Sn(k) =
n∑
j=1
ckj
pn,j
, k ∈ N, (B2)
then Prosperetti [3] showed that
Sn(k) =


0 k = 0, 1, 2, . . . , n− 2
(−1)n−1 k = n− 1
(−1)n−1∑ni=1 ci k = n.
(B3)
Let
Z(ǫ− ζ; k) =
4∑
i=1
zki
σi(z2i − ǫ+ ζ)
, (B4)
ci = zi for 1 6 i 6 4 and define
c5 = (ǫ− ζ)1/2, (B5)
c6 = −(ǫ− ζ)1/2, (B6)
then we have
p6,5 = −2(ǫ− ζ)1/2P [−(ǫ− ζ)1/2], (B7)
p6,6 = 2(ǫ− ζ)1/2P [(ǫ− ζ)1/2] (B8)
where P (z) is the polynomial given by
P (z) = z4 + 2ǫz2 + 4ǫ3/2z + 1 + ǫ2. (B9)
Let p± = P (±(ǫ− ζ)1/2), then
p6,5 = −2(ǫ− ζ)1/2/p−, (B10)
p6,6 = 2(ǫ− ζ)1/2/p+. (B11)
It follows that
S6(k) = Z(ǫ− ζ; k) + c
k
5
p6,5
+
ck6
p6,6
= 0, (B12)
and so
Z(ǫ− ζ; 1) = −
(
c5
p6,5
+
c6
p6,6
)
=
p− + p+
2
, (B13)
and
Z(ǫ− ζ; 2) = −
(
c25
p6,5
+
c26
p6,6
)
= (ǫ− ζ)1/2
(
p− − p+
2
)
. (B14)
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